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1. Introduction
The ﬁrst results on the equivariant movability of G-spaces were obtained in [4,5]. If X is a p-paracompact space and H
is a closed subgroup of a topological group G , then the G-movability of X implies its H-movability [5, Theorem 3.3]. If X
is a metrizable G-movable space and H is a closed normal subgroup of the topological group G , then the H-orbit space
X |H with the natural action of the group G is G-movable as well [5, Theorem 6.1]. In the case of H = G , the equivariant
movability of a metrizable G-space implies the movability of the orbit space X |G [5, Corollary 6.2]. The converse is generally
false [5, Example 6.3]. However, if X is metrizable, G is a compact Lie group, and the action of G on X is free, then
the equivariant movability of the G-space X is equivalent to the movability of the orbit space X |G [5, Theorem 7.2]. The G-
movability of X implies also the movability of the H-ﬁxed point space X[H] [5, Theorem 4.1]. In particular, the equivariant
movability of a G-space X implies the movability of the topological space X [5, Corollary 3.5]. The converse is not true
even for the cyclic group Z2. In [5], an example of a Z2-space X which is movable but not Z2-movable was constructed
[5, Example 5.1].
The movability of topological groups in classical shape theory was studied by Keesling [7–9] and by Kozlowski with
Segal [10]. In particular, Keesling [7] proved that, for compact connected Abelian groups, movability is equivalent to local
connectedness. In this paper, we study the equivariant movability of topological groups; in particular, we prove that a second
countable compact topological group G is a Lie group if and only if it is equivariantly movable (Theorem 7). This theorem
provides new examples of spaces which are movable but not equivariantly movable.
2. Preliminaries on equivariant topology and equivariant shapes
Let G be a topological group. A topological space X is called a G-space if there is a continuous map θ : G × X → X of
the direct product G × X to X , for which we use the notation θ(g, x) = gx, such that
(1) g(hx) = (gh)x and (2) ex = x
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(continuous) action of the group G on the topological space X . An evident example is the so-called trivial action of G on X
deﬁned by gx = x for all g ∈ G and x ∈ X . Another example is the action of the group G on itself deﬁned by (g, x) → gx for
all g ∈ G and x ∈ G .
Let H be a closed subgroup of a group G . There exists a natural action of the group G on space G|H , which is deﬁned
by g(g′H) = (gg′)H .
A subset A of a G-space X is said to be invariant if ga ∈ A for any g ∈ G and a ∈ A. Obviously, an invariant subset of
a G-space is itself a G-space. If A is an invariant subset of a G-space X , then every neighborhood of A contains an open
invariant neighborhood of A (see [12, Proposition 1.1.14]).
Let X and Y be G-spaces. A (continuous) map f : X → Y is called a G-map, or an equivariant map, if f (gx) = g f (x) for
any g ∈ G and x ∈ X . Note that the identity map i : X → X is equivariant, and the composition of any equivariant maps is
equivariant. Therefore, all G-spaces and equivariant maps form a category, which we denote by TopG .
Let Z be a G-space, and let Y ⊆ Z be an invariant subset. A G-retraction of Z to Y is a G-map r : Z → Y such that
r|Y = 1Y .
Let KG be a class of G-spaces. A G-space Y is called a G-absolute neighborhood retract for the class KG , or a G-ANR(KG)
(a G-absolute retract for the class KG , or a G-AR(KG)), if Y ∈ KG and, whenever Y is a closed invariant subset of a G-
space Z ∈ KG , there exists an invariant neighborhood U of Y and a G-retraction r : U → Y (there exists a G-retraction
r : Z → Y ).
Let X and Y be G-spaces. We say that two equivariant maps, or G-maps, f0, f1 : X → Y are G-homotopic, or equivari-
antly homotopic, and write f0 G f1 if there exists a G-map F : X × I → Y such that F (x,0) = f0(x) and F (x,1) = f1(x)
for all x ∈ X (we assume that G acts trivially on I). The relation G is an equivalence relation; we denote the G-homotopy
class of a G-map f by [ f ]. In this way, we obtain the category H-TopG , whose objects are G-spaces and whose morphisms
are classes of G-homotopic G-maps.
Deﬁnition 1. An inverse G-ANR system X = {Xα, pαα′ , A} in TopG (where all Xα are G-ANRs) is said to be associated with
a G-space X if there exist G-maps pα : X → Xα such that pα G pαα′ ◦ pα′ and the following two conditions hold for every
G-ANR P :
(1) for every G-map f : X → P , there is an α ∈ A and a G-map hα : Xα → P such that hα ◦ pα G f (i.e., each f factors
through some Xα);
(2) if ϕ ◦ pα G ψ ◦ pα for some G-maps ϕ,ψ : Xα → P , then there is an α′  α such that ϕ ◦ pαα′ G ψ ◦ pαα′ .
For every G-space X , there exists an inverse G-ANR system X = {Xα, pαα′ , A} associated with X ; i.e., the category H-
ANRG is dense in H-TopG [1].
Deﬁnition 2. An inverse G-ANR system X = {Xα, pαα′ , A} is said to be equivariantly movable, or G-movable, if, for ev-
ery α ∈ A, there exists an α′ ∈ A such that α′  α and, for any α′′  α (α′′ ∈ A), there exists a G-homotopy class
rα
′α′′ : Xα′ → Xα′′ for which
pαα′′ ◦ rα′α′′ = pαα′ .
Deﬁnition 3. A G-space X is said to be equivariantly movable, or G-movable, if there exists an equivariantly movable inverse
G-ANR system X = {Xα, pαα′ , A} associated with X .
Note that the last deﬁnition of equivariant movability coincides with that of ordinary movability for the trivial group
G = {e}.
The reader is referred to the books by K. Borsuk [2] and by S. Mardešic´ and J. Segal [11] for general information about
shape theory and to the book by G. Bredon [3] for an introduction to compact transformation groups.
3. Weakly equivariantly shape comparable G-spaces
Deﬁnition 4. We say that G-spaces X and Y are weakly equivariantly shape comparable if there exist G-shape morphisms
both from X to Y and from Y to X .
Obviously, this relation is an equivalence. Therefore, the family of all G-spaces splits into disjoint classes of weakly
equivariantly shape comparable G-spaces. We denote the class of spaces weakly equivariantly shape comparable with a
G-space X by wes(X).
Let wes(∗) be the weak equivariant shape comparability class of the one-point G-space {∗}. The following proposition
characterizes the class wes(∗).
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Proof. It is suﬃcient to prove that any G-space X ∈ wes(∗) has a ﬁxed point. Indeed, let F : {∗} → X be a G-shape mor-
phism. We regard the G-space X as an invariant closed subset of some G-AR Y . Since F : {∗} → X is a G-shape morphism,
it follows that any invariant neighborhood of the space X in Y has a ﬁxed point. Therefore, the G-space X has a ﬁxed point
as well, because the set of all ﬁxed points of the G-space Y is closed. 
We denote the weak equivariant shape comparability class of a group G with its natural action on itself by wes(G).
The following theorem characterizes the class wes(G) in the case of a second countable compact group.
Theorem 1. Let G be a second countable compact group. Then the G-space X belongs to the class wes(G) if and only if X = X |G × G.
The proof of this theorem is based on the following theorem of independent interest.
Theorem 2. Suppose that G is a second countable compact group, H ⊂ G is a closed normal subgroup of G, and X is any G-space. If
there exists a G-shape morphism F : X → G|H, then X = G ×H A and F is generated by the G-equivariant map h : G ×H A → G|H
given by h([g,a]) = gH, where A is some H-space, G ×H A is the twisted product, and [g,a] is the H-orbit of the point (g,a).
Proof. Since the group G is compact and second countable, it follows that so is the group G|H . By a well-known theorem
of Pontryagin [13, Theorem 68], there exist closed normal divisors Ki (i = 1,2, . . .) of the group G|H such that Ki+1 ⊂ Ki ,
(G|H)|Ki is a Lie group for any i = 1,2, . . . , and
G|H = lim←−
{
(G|H)|Ki; pi,i+1
}
, (1)
where the pi,i+1 : (G|H)|Ki+1 → (G|H)|Ki are the natural epimorphisms generated by the inclusions Ki+1 ⊂ Ki .
Note that, for any i = 1,2, . . . , the group (G|H)|Ki is isomorphic (topologically and algebraically) to the group G|K˜ i ,
where K˜ i = p−1(Ki) and p : G → G|H is the natural epimorphism. The groups K˜ i with i = 1,2, . . . , being continuous
preimages of the closed normal subgroups Ki ⊂ G|H , are closed and normal. Thus, we have
G|H = lim←−{G|K˜ i; pi,i+1}, (2)
where all maps pi,i+1 are G-equivariant, provided that the space G|K˜ i is endowed with the natural action of the
group G .
Now, suppose given a G-shape morphism F : X → G|H . Let us prove that F is generated by some equivariant map
h : X → G|H .
Consider the G-shape maps SG(pi) ◦ F : X → G|K˜ i , where SG is the G-shape functor and the pi : G → G|K˜ i are the
projections. Since all G|K˜ i are G-ANRs, it follows that there exist G-equivariant maps f i : X → G|K˜ i for which
SG(pi) ◦ F = SG( f i). (3)
On the other hand, we have
SG( f i) = SG(pi) ◦ F = SG(pi,i+1) ◦ SG(pi+1) ◦ F
= SG(pi,i+1) ◦ SG( f i+1) = SG(pi,i+1 ◦ f i+1).
Thus, the G-maps f i and pi,i+1 ◦ f i+1 to the G-ANR G|K˜ i generate the same G-shape morphism. Therefore, they are G-
homotopic, i.e.,
f i G pi,i+1 ◦ f i+1. (4)
Let h1 = f1. All maps pi,i+1 are G-ﬁbrations. Hence there exists a G-map h2 : X → G|K˜2 such that h2 G f2 and h1 =
p1,2 ◦ h2. Continuing this construction by induction, we obtain G-maps hi : X → G|K˜ i such that
hi G fi and hi = pi,i+1 ◦ hi+1. (5)
We set h = lim←− hi . Obviously, h is a G-map from X to G|H . Let us prove that the map h has the required property
SG(h) = F . (6)
Indeed, the continuity of the shape functor [6] implies
SG(h) = SG(hi) = SG(hi) = SG( f i) = SG(pi) ◦ F = 1 ◦ F = F .
1764 P.S. Gevorgyan / Topology and its Applications 159 (2012) 1761–1766Let A = h−1(eH). Then A is an H-invariant subset of the G-space X , X = G ×H A, and h : G ×H A → G|H is deﬁned by
h([g,a]) = gH [3, Proposition 3.2].
This completes the proof of the theorem. 
Proof of Theorem 1. First, note that if X = A × G , where A is a trivial G-space, then the map f : A × G → G deﬁned by
f (a, g) = g is equivariant. Therefore, X = A × G ∈ wes(G).
Now, suppose that X is a G-space in the class wes(G). Consider a G-shape morphism F : X → G . Taking the trivial group
{e} for the closed normal subgroup H in Theorem 2, we obtain X = X |G × G . 
Corollary 1. Let G be a second countable compact group, and let H and K be its closed normal subgroups. Then wes(G|H) = wes(G|K )
if and only if the subgroup H is conjugate to the subgroup K .
Proof. By Deﬁnition 4, the equality wes(G|H) = wes(G|K ) means the existence of G-shape morphisms both from G|H to
G|K and from G|K to G|H . According to Theorem 2, there exist equivariant maps from G|H to G|K and from G|K to G|H ,
which is possible if and only if H is conjugate to K [3, Corollary 4.4]. 
4. Equivariantly movable groups
Deﬁnition 5. We say that an inverse G-ANR sequence {XK , pk,l} is canonical if, for any k ∈ N , there exists an equivariant
map rk,k+1 : Xk → Xk+1 such that
p j,k+1 ◦ rk,k+1 G p j,k, (7)
where 1 j < k.
The following proposition is easy to prove.
Proposition 2. Any canonical G-ANR sequence is G-movable.
The following assertion is also valid.
Proposition 3. Any G-movable inverse G-ANR sequence contains a canonical subsequence.
Proof. Let {Xk, pk,l} be a G-movable G-ANR sequence. For k = 1, there exists a number k1 > 1 which witnesses the sequence
{Xk, pk,l} being G-movable. By induction, given a number k = ki , we choose a number ki+1 > ki such that, for any other
number l > ki+1, there exists an equivariant map rki+1,l : Xki+1 → Xl for which
pki ,l ◦ rki+1,l G pki ,ki+1 . (8)
It is easy to check that {Xki , pki ,ki+1 , i  1} is the required canonical subsequence. 
The following theorem follows directly from Propositions 2 and 3.
Theorem 3. A compact metrizable G-space X is G-movable if and only if there exists a canonical inverse G-ANR sequence G-associated
with X.
Lemma 1. Let X be a compact metrizable G-movable space. Then there exists an inverse G-ANR sequence {Xk, pk,l} G-associated with
X such that Xk ∈ wes(X) for any k ∈ N.
Proof. Let X be a compact metrizable G-movable space. By Theorem 3, there exists a canonical G-ANR sequence {Xk, pk,l}
G-associated with X . Let us prove that this sequence is as required, i.e., Xk ∈ wes(X) for any k ∈ N . Since the maps
pk : X → Xk are equivariant, it suﬃces to prove the existence of a G-shape morphism from Xk to X . Consider the mor-
phism F = { f i,ϕ} : Xk → {X, pi,i′ , i  k} deﬁned by
ϕ(i) = k, f i = pi,i+1 ◦ rk,i+1, (9)
where rk,i+1 = ri,i+1 ◦ · · · ◦ rk,k+1 and the r j, j+1 are the equivariant maps mentioned in Deﬁnition 5. The morphism F =
{ f i,ϕ} is a map of G-ANR sequences. Indeed,
pi,i+1 ◦ f i+1 = pi,i+1 ◦ pi+1,i+2 ◦ rk,i+2 = pi,i+2 ◦ ri+1,i+2 ◦ rk,i+1
G pi,i+1 ◦ rk,i+1 = f i . 
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Theorem 4. Any compact metrizable G-movable space is weakly equivariantly shape comparable with some G-ANR.
However, as shown below (see Corollary 2), there exist compact metrizable G-spaces which are not weakly equivariantly
shape comparable with any G-ANR (G-movable space).
Lemma 2. Suppose that assG X = {Xk, pk,k+1}, assGY = {Yl,ql,l+1}, wes(X) = wes(Y ), and Xk ∈ K for any k ∈ N, where K is a class
of weak equivariant shape comparability. Then the G-ANR sequence {Yl,ql,l+1} has a subsequence {Yli ,qli ,li+1 } such that Yli ∈ K for
any i = 1,2, . . . .
Proof. The condition wes(X) = wes(Y ) means the existence of G-shape morphisms F : Y → X and Φ : X → Y . Suppose that
F = { fk,ϕ} : {Yl,ql,l+1} → {Xk, pk,k+1} and Φ = {gl,ψ} : {Xk, pk,k+1} → {Yl,ql,l+1}. Let us prove that {Yϕ(k),qϕ(k),ϕ(k+1)} is
the required subsequence. For this purpose, we show that the Yϕ(k) and the Xk are weakly equivariantly shape comparable
and belong to the class K for any k = 1,2, . . . . Indeed, the maps fk : Yϕ(k) → Xk are equivariant. On the other hand, the
Xk and the Xψ(ϕ(k)) belong to the class K , and the maps gϕ(k) : Xψ(ϕ(k)) → Yϕ(k) are equivariant. Therefore, Yϕ(k) ∈ K , as
required. 
Theorem 5. If a weak equivariant shape comparability class K contains a G-movable metrizable compact space, then, for any compact
metrizable G-space X ∈ K , there exists a G-ANR sequence {Xk, pk,k+1} G-associated with X such that Xk ∈ K for any k ∈ N.
Proof. Let Y ∈ K be a G-movable metrizable compact space. According to Lemma 1, there exists an inverse G-ANR se-
quence {Yl,ql,l+1} G-associated with Y such that Yl ∈ K for any k ∈ N . Consider any compact metrizable G-space X ∈ K . By
Lemma 2, any G-ANR sequence G-associated with X has a subsequence of spaces belonging to the class K . This completes
the proof of the theorem. 
Theorem 6. A second countable compact group G is Lie if and only if the class wes(G) contains a second countable G-movable compact
space.
Proof. Necessity is obvious, because any compact Lie group is a G-ANR [12] and, therefore, a G-movable space.
Let us prove suﬃciency. Suppose that the class wes(G) contains a second countable G-movable compact space. By a
theorem of Pontryagin [13, p. 332], the identity element e ∈ G is surrounded by decreasing closed normal subgroups K1 ⊃
K2 ⊃ · · · such that G|Ki is a Lie group for any i = 1,2, . . . and G = lim←−{G|Ki, pi,i+1}, where the pi,i+1 : G|Ki+1 → G|Ki are
the natural epimorphisms generated by the embeddings Ki+1 ⊂ Ki . The group G acts naturally on each G|Ki ; all maps
pi,i+1 are G-equivariant with respect to these actions, and the G|Ki themselves are G-ANRs [12]. Thus, the inverse sequence
{G|Ki, pi,i+1} is G-associated with the group G . By virtue of Theorem 5, the sequence {G|Ki, pi,i+1} has a subsequence in
which all spaces are weakly equivariantly shape comparable with the group G . This is possible only if G|Ki = G starting
with some i. Since G|Ki is a Lie group, the required assertion follows. 
The last theorem implies directly the following criterion for a second countable compact group to be a Lie group.
Theorem 7. A second countable compact group is a Lie group if and only if it is G-movable.
Theorem 7 gives new examples of movable but not G-movable spaces. Indeed, as was shown by Keesling [9], there exist
compact connected Abelian groups which are movable but not uniformly movable and, therefore, not Lie. Later, Kozlowski
and Segal [10] constructed examples of such groups. These groups are not G-movable by Theorem 7.
Corollary 2. There exists a G-space which is not weakly equivariantly shape comparable with any second countable compact G-
movable space.
Proof. By virtue of Theorem 6, any second countable compact group not being a Lie group has the required property. 
References
[1] S.A. Antonian, S. Mardešic´, Equivariant shape, Fund. Math. 127 (1987) 213–224.
[2] K. Borsuk, Theory of shape, Lecture Notes 28 (1970).
[3] G.E. Bredon, Introduction to Compact Transformation Groups, Academic Press, New York, 1972.
[4] P.S. Gevorgyan, G-movability of G-spaces, Uspekhi Mat. Nauk 43 (3) (1988) 177–178 (in Russian).
[5] P.S. Gevorgyan, Some questions of equivariant movability, Glasg. Math. 39 (59) (2004) 185–198.
[6] W. Holsztynski, Continuity of Borsuk’s shape functor, Bull. Acad. Pol. Sci. 19 (12) (1971) 1105–1108.
1766 P.S. Gevorgyan / Topology and its Applications 159 (2012) 1761–1766[7] J. Keesling, On movability and local connectivity, Lecture Notes in Math. 375 (1974) 158–167.
[8] J. Keesling, Shape theory and compact connected abelian topological groups, Trans. Amer. Math. Soc. 194 (1974) 349–358.
[9] J. Keesling, The Cˇech homology of compact connected abelian topological groups with application to shape theory, Lecture Notes in Math. 438 (1975)
325–331.
[10] G. Kozlowski, J. Segal, Movability and shape-connectivity, Fund. Math. 93 (1976) 145–154.
[11] S. Mardešic´, J. Segal, Shape Theory – The Inverse System Approach, North-Holland, Amsterdam, 1982.
[12] R.S. Palais, The classiﬁcation of G-spaces, Mem. Amer. Math. Soc. 36 (1960).
[13] L.S. Pontryagin, Continuous Groups, Moscow, 1954 (in Russian).
